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Abstract
The mirror curves enable us to study B-model topological strings on non-compact
toric Calabi–Yau threefolds. One of the method to obtain the mirror curves is to calcu-
late the partition function of the topological string with a single brane. In this paper,
we discuss two types of geometries: one is the chain of N P1’s which we call “N -chain
geometry,” the other is the chain of N P1’s with a compactification which we call “pe-
riodic N -chain geometry.” We calculate the partition functions of the open topological
strings on these geometries, and obtain the mirror curves and their quantization, which
is characterized by (elliptic) hypergeometric difference operator. We also find a relation
between the periodic chain and∞-chain geometries, which implies a possible connection
between 5d and 6d gauge theories in the larte N limit.
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1 Introduction and Summary
Topological string introduced in [1] is known as a toy model to understand string theory
compactified on Calabi–Yau threefolds. Two formulations, the A-model topological string
which depends on the Ka¨hler moduli, and the B-model topological string depending on
the complex modulus, are related to each other via mirror symmetry [2]. For the non-
compact toric Calabi–Yau threefolds, the gravity sector is decoupled, and it ends up with
gauge theory with supersymmetry: The A-model topological string computes the partition
function of 5d N = 1 supersymmetric gauge theories compactified on a circle with the self-
dual omega background [3]. In the B-model topological strings, the partition function is
closely related to the entropy of the supersymmetric black hole [4]. The B-model topological
sring is encoded to the complex 1-dimensional manifold in the toric Calabi–Yau threefold
Σ = {(x, p) ∈ C∗ × C∗ | H(x, p) = 0} where x, p ∈ C∗ = C\{0}, the so-called “mirror
curve” [5].
Recently, it has been shown that quantization of the mirror curves introduced in [5, 6]
provides the non-perturbative effects in the B-model topological strings on the toric Calabi–
Yau threefolds [7]. This formalism is now known to be relevant to ABJM theory [8, 9],
integrable system [10, 11], and even condensed matter physics [12, 13]. Therefore, it seems
worthy to study the mirror curve and its quantization for various fields.
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In this paper, we consider the topological string theories on two kinds of toric Calabi–
Yau threefolds: One is the chain geometry which is defined as a hirizontal chain of P1’s that
we call “N -chain geometry.” The other is the chain of P1’s as well, but the horizontal axis
is compactified, that we call “periodic N -chain geometry”, as in Fig. 11. The left panel
of Fig. 1 is studied, e.g. in [15, 16]. The quantized mirror curves are discussed, e.g. in
[17, 18, 19]. The right panel of Fig. 1 is studied in the context of 6 dimensional gauge
theories [20, 21, 22, 23], and the Seiberg–Witten curve for the similar case has been studied
in [24].
(a) (b)
Figure 1: The web diagram descriptions of the toric Calabi–Yau threefolds. The left figure
(a) is the N -chain geometry which contains N vertical lines. The right figure (b) is the
periodic N -chain geometry. The black dotted lines imply the compactification.
The partition function of the open topological string Zo(x) behaves as the wave function
which is annnihilated by an operator H(x, p),
H(x, p)Zo(x) = 0, [log p, log x] = igs (1.1)
where x is the modulus of brane, and gs is the string coupling constant [5, 6]. We call above
difference equation as “quantum mirror curve.” The operator H(x, p) can be interpreted as
the quantization of the polynomial H(x, p). Conversely, by replacing the operators x and p
with the classical variables x and p, we obtain a polynomial H(x, p) and the classical curve
Σ = {(x, p) | H(x, p) = 0}2. We can calculate Zo(x) by the topological vertex technique
[25, 26]3, and derive the mirror curve in both cases in Section 3, which is consistent with the
known result especially for N = 1.
In this paper we calculate the partition functions of the topological string with the brane
on vertical axis and horizontal axis, Zo(x) and Z ′o(x). Accordingly, we derive two operators
1A different type of periodic geometry is considered in, e.g. [14].
2In general, due to the ambiguity of the order of the operators x and p, H(x, p) is not the same as H(x, p).
3In this paper we consider the unrefined topological strings. The brane insertion in the refined topological
strings is discussed in [27, 28, 29]. The non-perturbative effects of the open topological string was calculated
in [30].
2
annihilating the partition functions, H(x, p) and H′(x, p), and take the classical limit. Then
we find
H(q−1/2Q−1m p, q
1/2x)
∣∣∣
Qm→Q−1m q−1
= H′(x, p), H(Q−1m p, x)
∣∣∣
Qm→Q−1m
= H ′(x, p). (1.2)
under some constraints for the Ka¨hler parameters denoted by Qm where q := e
igs .
It has been shown in [20] that the toric diagram of periodic chain geometry is given
by a set of the infinite chain geometry, as we will also mention in Section 3. Based on
this result, we expect the partition functions for the chain geometry to be related with
the one for the periodic conifold. Then, we find that the partition function of the open
topological string on the periodic chain geometry is exactly the same as the one on the
∞-chain geometry with the brane inserted on the internal line. This means that the mirror
curve of the periodic chain geometry can be realized as the∞-chain geometry. In the context
of the supersymmetric gauge theories geometrically engineerd from the toric Calabi–Yau
threefolds [31, 32, 33, 34, 35, 17], the compactified theories with the defect can be obtained
from the uncompactified theories with the defect. We stress that although the partition
function of the closed topological string on periodic chain geometry does not agree with the
one on ∞-chain geometry, we find a relation between them.
The rest of the paper is organized as follows. In Section 2, we calculate the partition
functions of the topological strings with the branes on (periodic) N -chain geometries by uti-
lizing the topological vertex. Actual computation is based on the vertex operator formalism
which is well established in the context of the melting crystal [36, 37]. In Section 3, we will
provide the prescription to obtain the mirror curves and its toric diagrams corresponding to
the web diagrams by the method argued in [34, 38]. In Section 4, we conclude with some
remarks and discussions. The notation and formula are summarized in Appendix A.
2 Chain geometries and its compactification
In this Section we calculate the topological string partition function with additional branes
on two kinds of the toric Calabi–Yau threefolds, that we call the chain geometries, based
on the topological vertex formalism. In practice, we apply the vertex operator formalism to
compute the partition function.
2.1 Chain geometries
We consider the N -chain geometry with additional branes on the left and right most of hor-
izontal lines as shown in Fig. 2 (a). The corresponding topological string partition function
is given by
3
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Figure 2: The N -chain geometries with the branes denoted by the red lines. The variables
Qmi and Qi denote the Ka¨hler parameters along the slanting and horizontal lines.
ZNchain =
∑
all indices
Trµt0U
N∏
a=1
[
(−Qma)|µma |(−Qa)|µa|Cµta−1µma∅Cµaµtma∅
]
TrµNW, (2.1)
where U and W are the holonomy matrices associated with the branes. The function Cλµν(q)
is the topological vertex defined as
Cλµν(q) := q
κµ+κν
2 sν(q
−ρ)
∑
η
sλt/η(q
−ρ−ν)sµ/η(q−ρ−ν
t
), (2.2)
where sµ/η(x) is the skew-Schur function, and ρ is the Weyl vector. The variable, κµ is defined
in Appendix A. By substituting (2.2) to (2.1) and using TrµM = sµ(z) where z = {zi} is
the set of the eigenvalues of the holonomy matrix M , we find
ZNchain
=
∑
all indices
sµt0(x)
N∏
a=1
[
sµa−1/ηa(q
−ρ)sµma/ηa(q
−ρ)(−Qma)|µma |sµta/σa(q−ρ)sµtma/σa(q
−ρ)(−Qa)|µa|
]
sµN (y),
(2.3)
where x = {xi} and y = {yi} are the set of the eigenvalues of the holonomy matrices V and
W , respectively. To compute this partition function, we apply the vertex operator formalism
in the following.
The skew-Schur function is given as a matrix element of the vertex operator
sµ/ν(x) = 〈ν|V+(x)|µ〉 = 〈µ|V−(x)|ν〉, sµt/νt(x) = 〈ν|V ′+(x)|µ〉 = 〈µ|V ′−(x)|ν〉, (2.4)
where |µ〉 is the fermionic Fock state labelled by the partition µ = (µ1 ≥ µ2 ≥ · · · ≥ 0) ∈ Z∞≥0,
and V±(x), V ′±(x) are the vertex operators. Their concrete definitions are summarized in
Appendix A. Then the partition function (2.3) is expressed as a chiral correlator of these
4
vertex operators on a plane C,
ZNchain =
∑
all indices
〈0|V ′+(x)|µ0〉
×
N∏
a=1
[
〈µa−1|V−(q−ρ)|ηa〉〈ηa|V+(q−ρ)|µma〉(−Qma)|µma |〈µma |V ′−(q−ρ)|σa〉〈σa|V ′+(q−ρ)|µa〉(−Qa)|µa|
]
× 〈µN |V−(y)|0〉
=〈0|V ′+(x)
N∏
a=1
[
V−(q−ρ)V+(q−ρ)(−Qma)L0V ′−(q−ρ)V ′+(q−ρ)(−Qa)L0
]
V−(y)|0〉.
(2.5)
Note that the partition function (2.5) is reduced to the closed sting partition function on
the N -chain geometry, when we remove the operators V+(x) and V
′−(y), or equivalently set
xi = yi = 0 for ∀i ∈ Z>0,
ZN,cchain = 〈0|
N∏
a=1
[
V−(q−ρ)V+(q−ρ)(−Qma)L0V ′−(q−ρ)V ′+(q−ρ)(−Qa)L0
]
|0〉. (2.6)
Then we obtain the partition function with the formula (A.15f),
ZNchain =
N∏
a=1
∞∏
i,j=1
(1−Qmaqi+j−1)
N∏
a<b
∞∏
i,j=1
(1−Qa
∏b−1
k=a+1Qτkq
i+j−1)(1−Qmb
∏b−1
k=aQτkq
i+j−1)
(1−QaQmb
∏b−1
k=a+1Qτkq
i+j−1)(1−∏b−1k=aQτkqi+j−1)
×
N∏
a=1
∞∏
i,j=1
(1− xi
∏a−1
k=1Qτkq
j−1/2)(1− yi
∏N−1
k=a Qτkq
j−1/2)
(1− xiQma
∏a−1
k=1Qτkq
j−1/2)(1− yiQmN
∏N−1
k=a Qτkq
j−1/2)
∞∏
i,j=1
(1− xiyjQmN
N−1∏
k=1
Qτk),
where Qτa := QmaQa, and we shift the variables xi → −xi and yi, QNyi → yi. The closed
string partition function is given by setting xi = yi = 0 for ∀i ∈ Z>0,
ZN,cchain =
N∏
a=1
∞∏
i,j=1
(1−Qmaqi+j−1)
N∏
a<b
∞∏
i,j=1
(1−Qa
∏b−1
k=a+1Qτkq
i+j−1)(1−Qmb
∏b−1
k=aQτkq
i+j−1)
(1−QaQmb
∏b−1
k=a+1Qτkq
i+j−1)(1−∏b−1k=aQτkqi+j−1) .
(2.7)
Therefore the open string sector of the partition function ZN,ochain is obtained by subtracting
the closed string contribution,
ZN,ochain :=
ZNchain
ZN,cchain
=
N∏
a=1
∞∏
i,j=1
(1− xi
∏a−1
k=1Qτkq
j−1/2)(1− yi
∏N−1
k=a Qτkq
j−1/2)
(1− xiQma
∏a−1
k=1Qτkq
j−1/2)(1− yiQmN
∏N−1
k=a Qτkq
j−1/2)
∞∏
i,j=1
(1− xiyjQmN
N−1∏
k=1
Qτk).
(2.8)
Next we consider the N -chain geometry with the additional branes on the vertical lines
as shown in Fig. 2 (b). The partition function associated with this geometry is similarly
5
computed with the topological vertex formalism,
Z ′Nchain =
∑
all indices
N∏
a=1
[
(−Qma)|µma |(−Qa)|µa|Cµa−1µmaνa(q)Cµtaµtmaν′a(q)TrνaU
(a) Trν′aW
(a)
]
=
∑
all indices
N∏
a=1
[
q
κνa+κν′ta
2 sνa(q
−ρ)sν′ta (q
−ρ)TrνaU
(a) Trν′taW
(a)
× sµta−1/ηta(q
−ρ−νa)sµtma/ηta(q
−ρ−νta)(−Qma)|µma |sµa/σa(q−ρ−ν
′t
a )sµma/σa(q
−ρ−ν′a)(−Qa)|µa|
]
,
(2.9)
where we impose µ0 = µN = ∅. Again we can calculate the partition function by using the
operator formalism,
Z ′Nchain =
∑
all indices
N∏
a=1
[
q
κνa+κν′ta
2 sνa(q
−ρ)sν′ta (q
−ρ)TrνaU
(a) Trν′taW
(a)
]
× 〈0|
N∏
a=1
V−(q−ρ−νa)V+(q−ρ−ν
t
a)(−Qma)L0V ′−(q−ρ−ν
′
a)V ′+(q
−ρ−ν′ta)(−Qa)L0 |0〉,
(2.10)
and the result is
Z ′Nchain =
∑
all indices
N∏
a=1
[
q
κνa+κν′ta
2 sνa(q
−ρ)sν′ta (q
−ρ)TrνaU
(a) Trν′taW
(a)
]
×
N∏
a=1
∞∏
i,j=1
(1−Qmaqi+j−ν
t
a,j−ν′a,i−1)
×
N∏
a<b
(1−Qa
∏b−1
k=a+1Qτkq
i+j−ν′ta,j−νb,i−1)(1−Qmb
∏b−1
k=a+1Qτkq
i+j−νta,j−ν′b,i−1)
(1−∏b−1k=aQτkqi+j−νb,i−νta,j−1)(1−QmbQa∏b−1k=a+1Qτkqi+j−ν′ta,i−ν′b,j−1) ,
(2.11)
so that the brane contribution is given by
Z ′N,ochain :=
Z ′Nchain
ZN,cchain
=
∑
all indices
N∏
a=1
[
q
||νta||2
2 sνa(x
(a)) q
||νa||2
2 sν′ta (y
(a))
]
×
N∏
a=1
∏
(i,j)∈νa
(1−Qmaq−i−j+νa,i+ν
′t
a,j+1)
(1− q−i−j+νa,i+νta,j+1)
∏
(i,j)∈ν′a
(1−Qmaqi+j−ν
t
a,j−ν′a,i−1)
(1− qi+j−ν′a,i−ν′ta,j−1)
×
N∏
a<b
∏
(i,j)∈νa
(1−Qmb
∏b−1
k=aQτkq
−i−j+νa,i+ν′tb,j+1)
(1−∏b−1k=aQτkq−i−j+νa,i+νtb,j+1)
∏
(i,j)∈ν′a
(1−Qa
∏b−1
k=a+1Qτkq
−i−j+ν′a,i+νtb,j+1)
(1−QmbQa
∏b−1
k=a+1Qτkq
−i−j+ν′a,i+ν′tb,j+1)
×
∏
(i,j)∈νb
(1−Qa
∏b−1
k=a+1Qτkq
i+j−νb,i−ν′ta,j−1)
(1−∏b−1k=aQτkqi+j−νb,i−νtb,j+1)
∏
(i,j)∈ν′b
(1−Qmb
∏b−1
k=aQτkq
i+j−ν′b,i−νta,j−1)
(1−QmbQa
∏b−1
k=a+1Qτkq
i+j−ν′b,i−νta,j−1)
,
(2.12)
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where x(a) and y(a) are the sets of the eigenvalues of the holonomy matrices U (a) and W (a),
respectively.
Note that, if we restrict the geometry to the single brane insertion, namely x
(a)
i = δa1δi1x
and y
(a)
i = 0, the partition function can be expressed as the basic q-hypergeometric function
4,
Z ′N,ochain =
∞∑
n=0
(q1/2x)n
N∏
a=1
(Qma
∏a−1
k=1Qτk ; q)n
(q
∏a−1
k=1Qτk ; q)n
=: NφN−1(Qm1 , Qm2Qτ1 , Qm3Qτ1Qτ2 , · · ·QmN
N−1∏
k=1
Qτk ;Qτ1 , Qτ1Qτ2 , · · · ,
N−1∏
k=1
Qτk ; q; q
1/2x),
(2.13)
where the basic q-hypergeometric function rφs−1(a1, a2, ..., ar; b1, b2, ..., bs; q; z) and q-shifted
factorial (q-Pochhammer symbol) (x; q)n (n ≥ 1) are defined as
rφs−1(a1, a2, ..., ar; b1, b2, ..., bs; q; z)
=
∞∑
n=0
zn
(q; q)n
(
(−1)nq1/2n(n−1))1+s−r (a1; q)n(a2; q)n · · · (ar; q)n
(b1; q)n(b2; q)n · · · (bs; q)n ,
(x; q)n =
n−1∏
k=0
(1− xqk).
(2.14)
The q-difference equation for this q-hypergeometric partition function will play a key role in
quantization of the mirror curve, as discussed in Section 3.
2.2 Compactification
Next we calculate the partition function of the topological strings on periodic N -chain ge-
ometries defined in Fig. 3.
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(b)
Figure 3: The periodic N -chain geometry with the branes. Compared with Fig. 2, there is
compactified direction along the horizontal line.
4In order to be simple expression, we shift Qa → qQa for a = 1, ..., N − 1 and Qma → q−1Qma for
a = 2, ..., N .
7
To begin with, we calculate the partition function in Fig. 3 (a) which is given by
ZNperiod =
∑
all indices
(−Qm1)|µm1 |(−Q1)|µ1|(−1)p|ν1|(QN/Qr)|ν1|q
p
2
κ
µt0⊗ν1Cµt0⊗ν1µm1∅Cµ1µtm1∅Trν1U
×
N−1∏
a=2
[
(−Qma)|µma |(−Qa)|µa|Cµta−1µma∅Cµaµtma∅
]
× (−QmN )|µmN |(−QN )|µN |CµtN−1µmN ∅(−1)
p|ν2|Q|ν2|r q
p
2
κµN⊗ν2CµN⊗ν2µmN ∅Trν2U
−1,
(2.15)
where p is the framing of the branes that we will set p = 0, and the parameter Qr corresponds
to the location of the branes, as in Fig. 4. By using the following formula for the topological
Qr
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Figure 4: A part of the web diagram in Fig. 3 (a).
vertex [35],
Cα⊗βµν =
∑
γ
NγαβCγµν , (2.16)
where Nαµν is the Littlewood–Richardson coefficient, we find
ZNperiod =
∑
all indices
(−Qm1)|µm1 |(−Q1)|µ1|sγ/µt0(x1)sγt/η1(q
−ρ)sµm1/η1(q
−ρ)sµt1/σ1(q
−ρ)sµtm1/σ1(q
−ρ)
×
N−1∏
a=2
[
(−Qma)|µma |(−Qa)|µa|sµa−1/ηa(q−ρ)sµma/ηa(q−ρ)sµta/σa(q−ρ)sµtma/σa(q
−ρ)
]
× sµN−1/ηN (q−ρ)sµmN /ηN (q
−ρ)sδt/σN (q
−ρ)sµtmN /σN (q
−ρ)sδ/µN (x2),
(2.17)
where x1,i := xi
QN,1
Qr
, x2,i :=
1
xi
Qr. In the operator formalism, the partition function can be
expressed as a torus correlator,
ZNperiod = Tr
[
V ′+(x1)
N∏
a=1
[
V−(q−ρ)V+(q−ρ)(−Qma)L0V ′−(q−ρ)V ′+(q−ρ)(−Qa)L0
]
V−(−Q−1N x2)
]
.
(2.18)
At this point, we find that the compactification implies to replace the expectation value
〈0| · · · |0〉 in the chain geometry with the trace Tr[· · · ] with x = x1, y = x2. The closed
string partition function is thus given by
ZN,cperiod = Tr
[ N∏
a=1
[
V−(q−ρ)V+(q−ρ)(−Qma)L0V ′−(q−ρ)V ′+(q−ρ)(−Qa)L0
]]
(2.19)
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which is the 2N -point correlation function of free fermions on a torus.
By using the trace formula5,
Tr
[
ax∂xebxec∂x
]
=
1
1− aexp
[
abc
1− a
]
, (2.20)
we find the following result,
ZNperiod =
∞∏
n=1
1
(1−Qnτ )
N∏
a,b=1
∞∏
i,j=1
(1−Qabqi+j−1Qn−1τ )(1−Q−1ab qi+−1Qnτ )
(1− Q˜′abqi+j−1Qn−1τ )(1− Q˜abqi+j−1Qn−1τ )
×
∞∏
n=1
∞∏
i,j=1
(1− xix−1j Qnτ )
×
∞∏
n=1
N∏
a=1
∞∏
i,j=1
(1− x−1i Q−1r Q−1ma
∏N
k=aQτkq
j−1/2Qn−1τ )(1− xiQr
∏N
k=aQ
−1
τk
qj−1/2Qnτ )
(1− x−1i Q−1r
∏N
k=aQτkq
j−1/2Qn−1τ )(1− xiQrQma
∏N
k=aQ
−1
τk q
j−1/2Qnτ )
,
(2.21)
where we define the following variables,
Qτ =
N∏
k=1
Qτk ,
Qab =
Qma
∏N
k=bQτk (mod Qτ ) for a = 1,
Qma
∏a−1
k=1Qτk
∏N
l=bQτl (mod Qτ ) for a 6= 1,
Q˜ab =

∏a−1
k=b Qτk for a > b,
Qτ for a = b,
Qτ/
∏b−1
k=aQτk for a < b,
Q˜′ab =
Qma
Qmb
Q˜ab,
(2.22)
and we shift the variables, xi → −xi and yi → −yi. The first line in (2.21) is just the
closed string partition function ZcN,period, so that the remaining contribution is the partition
function of the open topological string,
ZN,operiod =
ZNperiod
ZN,cperiod
=
∞∏
n=1
∞∏
i,j=1
(1− xix−1j Qnτ )
N∏
a=1
(1−Q−1max−1i
∏N
k=aQτkq
j−1/2Qn−1τ )(1− xi
∏N
k=aQ
−1
τk
qj−1/2Qnτ )
(1− x−1i
∏N
k=aQτkq
j−1/2Qn−1τ )(1−Qmaxi
∏N
k=aQ
−1
τk q
j−1/2Qnτ )
.
(2.23)
To obtain the simple expression, we shift the variables, xi → xi/Qr.
5See, for example, [39] for the derivation.
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Finally we calculate the partition function of the topological string on the toric Calabi–
Yau threefold in Fig. 3 (b) which has been calculated in [22, 23, 40].
Z ′Nperiod =
∑
all indices
N∏
a=1
[
(−Qma)|µma |(−Qa)|µa|Cµa−1µmaνa(q)Cµtaµtmaν′a(q)TrνaU
(a) Trν′aW
(a)
]
=
∑
all indices
N∏
a=1
[
q
κνa+κν′ta
2 sνa(q
−ρ)sν′ta (q
−ρ)TrνaU
(a) Trν′taW
(a)
× sµta−1/ηta(q
−ρ−νa)sµtma/ηta(q
−ρ−νta)(−Qma)|µma |sµa/σa(q−ρ−ν
′t
a )sµma/σa(q
−ρ−ν′a)(−Qa)|µa|
]
,
(2.24)
where we impose the periodic boundary condition, µN = µ0. After the similar computation,
we find
Z ′Nperiod =
∑
all indices
N∏
a=1
[
q
κνa+κν′ta
2 sνa(q
−ρ)sν′ta (q
−ρ)TrνaU
(a) Trν′taW
(a)
]
×
∞∏
n=1
1
(1−Qnτ )
N∏
a,b=1
∞∏
i,j=1
(1−Qabqi+j−ν
′
b,i+ν
t
a,j−1Qn−1τ )(1−Q−1ab qi+j−νa,i−ν
′t
b,j−1Qnτ )
(1− Q˜abqi+j−νb,i−ν
t
a,j−1Qn−1τ )(1− Q˜′abqi+j−ν
′
a,i−ν′tb,j−1Qn−1τ )
.
(2.25)
Dividing the full partition function Z ′Nperiod by the closed string contribution Zc,Nperiod, we
obtain the partition function of the open topological string,
Z ′N,operiod =
Z ′Nperiod
ZN,cperiod
=
∑
all indices
N∏
a=1
[
q
κνa+κν′ta
2 sνa(q
−ρ)sν′ta (q
−ρ)sνa(x
(a))sν′ta(y
(a))
]
×
∞∏
n=1
N∏
a,b=1
∏
(i,j)∈νa
(1−Qabq−i−j+νa,i+ν′
t
b,j+1Qn−1τ )(1−Q−1ab qi+j−νa,i−ν
′t
b,j−1Qnτ )
(1− Q˜abq−i−j+νa,i+ν
t
b,j+1Qn−1τ )(1− Q˜baqi+j−νa,i−ν
t
b,j−1Qn−1τ )
×
∏
(i,j)∈ν′b
(1−Qabqi+j−ν
′
b,i+ν
t
a,j−1Qn−1τ )(1−Q−1ab q−i−j+ν
′
a,i+ν
t
b,j+1Qnτ )
(1− Q˜′abq−i−j+ν
′
a,i+ν′tb,i+1Qn−1τ )(1− Q˜′baqi+j−ν
′
b,i−ν′ta,j−1Qn−1τ )
.
(2.26)
Again, for the single brane geometry, x
(a)
i = δa1δi1x and y
(a)
i = 0, the partition function of
the open topological strings reduces to the elliptized hypergeometric function, called “elliptic
hypergeometric function,”6
Z ′N,operiod =
∞∑
n=0
(q1/2x)n
N∏
a=1
θ(Q−1ma
∏a−1
k=1Q
−1
τk
; q−1;Qτ )n
θ(q−1
∏a−1
k=1Q
−1
τk ; q
−1;Qτ )n
= NEN−1(Q−1m1 , Q
−1
m2Q
−1
τ1 , · · ·Q−1mN
N−1∏
k=1
Q−1τk ;Q
−1
τ1 , Q
−1
τ1 Q
−1
τ2 , · · · ,
N−1∏
k=1
Q−1τk ; q
−1; q1/2x),
(2.27)
6Again, we shift Qa → qQa for a = 1, ..., N − 1 and Qma → q−1Qma for a = 2, .., N .
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where we define the theta function7
θ(z; p) = (z−1; p)∞(pz; p)∞, (2.28)
and the elliptic hypergeometric function and elliptization of the q-Pochhammer symbol are
defined as
rEr−1(a1, a2, ..., ar; b1, b2, ..., br−1; z)
=
∞∑
n=0
zn
θ(a1; q; p)nθ(a2; q; p)n · · · θ(ar; q; p)n
θ(q; q; p)nθ(b1; q; p)nθ(b2; q; p)n · · · θ(br−1; q; p)n ,
θ(a; q; p)n =
n−1∏
i=0
θ(aqi; p).
(2.29)
We will discuss the q-difference equation for this hypergeometric function in Section 3.
3 Mirror curve of chain geometry
Now we shall derive the quantum operator H(x, y) from the partition function of the topo-
logical string with the single brane by the method in [34, 38]. The coupling constant gs plays
a role of the Planck constant, so that we can obtain the classical mirror curve by taking the
limit gs → 0.
The quantum operators annihilate the partition function of the open topological string,
so that the task is how to find such operators. Here we present the procedure of finding
H(x, y) and H(x, y):
1. Regarding the partition function as a function of the modulus of the single brane Z(x),
find the relation between Z(qx) and Z(x).
2. Promoting the classical value q to the operator p = eigs∂u where u is related to the
modulus x = eu, so that px = qx.
3. Express the relation between Z(qx) and Z(x) as a difference equation, H(x, p)Z(x) = 0
which is just the quantum mirror curve. Then, we find the operator H(x, p) and classical
polynomial H(x, p), and the equation H(x, p) = 0 is the classical mirror curve Σ. The
variable q in the quantum operator corresponds to the ambiguity of the ordering of the
operators, x and p.
Let us demonstrate the above procedure in the simplest case, N = 1, which corresponds
to the resolved conifold and its compactified geometry. This is the special case since the
geometry has the extra symmetry under exchanging the branes on the vertical and horiontal
axis. After that, we will discuss the general case, N > 1.
7The definition is somewhat unusual, however, we use this definition in order to match to that in some
papers about M-strings, for example, [22].
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3.1 The simplest case N = 1
In the case of N = 1, the partition functions of the topological strings are given from the
results (2.8), (2.13), (2.23), (2.27), in the previous Section,
Z1,ochain =
(q1/2x; q)∞
(q1/2xQm; q)∞
, (3.1a)
Z ′1,ochain =
∞∑
n=0
(q1/2x)n
(Qm; q)n
(q; q)n
, (3.1b)
Z1,operiod =
Γe(q
1/2xQm; q;Qτ )
Γe(q1/2x; q;Qτ )
, (3.1c)
Z ′1,operiod =
∞∑
n=0
(q1/2x)n
θ(Q−1m ; q−1;Qτ )n
θ(q−1; q−1;Qτ )n
, (3.1d)
where we set x1 = x, xi>1 = 0, yi = 0 in (2.8) and (2.23), and elliptic gamma function,
Γe(x, ; p1; p2) is defined as
Γe(x; p1; p2) :=
∏
m,n≥0
1− x−1pn+11 pm+12
1− xpn1pm2
. (3.2)
To obtain Z1,operiod, we use following analytic continuation,
∞∏
j=1
(1−Aqj−1) =
∞∏
j=1
(1−Aq−j)−1. (3.3)
The former infinite product is for the region |q| < 1, while the latter is for |q| > 1.
Interestingly, from the q-binomial theorem,
∞∑
n=0
(a; q)n
(q; q)n
zn =
(az; q)∞
(z; q)∞
, (|q| < 1, |z| < 1), (3.4)
we have Z1,ochain(Q−1m x)
∣∣∣
Qm→Q−1m
= Z ′1,ochain, which is known as the flop transition [41, 42].
The partition functions, Z1,operiod and Z ′1,operiod, are the elliptizations of the partition functions,
Z1,ochain and Z ′1,ochain, respectively. It would be interesting to find the relation between Z1,operiod
and Z ′1,operiod as an extension of the q-binomial theorem.
In the chain geometry, by shifting the variable x to qx, we find the following relation,
Z1,ochain(qx) =
1− q1/2Qmx
1− q1/2x Z
1,o
chain(x). (3.5)
From this expression, the partition function satisfies the quantum mirror curve,[
(1− q1/2x)p− (1− q1/2Qmx)
]Z1,ochain(x) = 0. (3.6)
Hence we find the operator H1chain,
H1chain(x, p) = q
1/2Qmx + p + q
1/2xp + 1, (3.7)
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where we flip the sign of variables, x → −x, p → −p, and Hchain → −Hchain. The classical
mirror curve is
H1chain(x, p) = Qmx+ p+ xp+ 1 = 0, (3.8)
which is well-known result for the resolved conifold.
We next derive the operator from Z ′1,ochain(x). By defining the coefficient of xn as Z(n),
Z ′1,ochain(x) =
∞∑
n=0
Z(n) xn , Z(n) = qn/2 (Qm; q)n
(q; q)n
, (3.9)
we find the following difference equation,
xn+1Z(n+1) = q1/2x(1−Qmq
n)
(1− qn+1) × x
nZ(n), (3.10)
so that the quantum mirror curve is
[
(1− p)− q1/2x(1−Qmp)
]Z ′1,ochain(x) = 0. (3.11)
The operator H′1chain is then
H′1chain(x, p) = q
1/2x + p + q1/2Qmxp + 1, (3.12)
where we flip the sign of variables, x→ −x and p→ −p. Therefore, we find
H1chain(Q
−1
m x, p)
∣∣∣
Qm→Q−1m
= H′1chain(x, p). (3.13)
We should stress that this relation is satisfied only N = 1 due to the geometrical symmetry.
In Sec. 3.2, we will discuss the general case, and find the similar relation.
The similar calculation provides the quantum operators of the periodic 1-chain geome-
tries,
H1period(x, p) = θ(q
−1/2Q−1m x
−1;Qτ )− θ(q−1/2x−1;Qτ )p, (3.14a)
H′1period(x, p) = θ(p
−1;Qτ )− q1/2xθ(Q−1m p−1;Qτ ), (3.14b)
and classical polynomials
H1period(x, p) = θ(Q
−1
m x
−1;Qτ )− θ(x−1;Qτ )p, (3.15a)
H ′1period(x, p) = θ(p
−1;Qτ )− xθ(Q−1m p−1;Qτ ). (3.15b)
The classical polynomials are consistent with the Seiberg–Witten curves of 6d U(1) gauge
theory in [20]. From these expressions, we find
H1period(q
−1/2Q−1m p, q
1/2x)
∣∣∣
Qm→q−1Q−1m
= H′1period(x, p), (3.16a)
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H1period(Q
−1
m p, x)
∣∣∣
Qm→Q−1m
= H ′1period(x, p). (3.16b)
This means that the symplectic transformation exchanging x and p corresponds to the S-
duality for the D5 and NS5 branes as shown in Fig. 3. Since (x, p) exchange is realized
as Fourier transformation, the corresponding open string partition functions, Z1,operiod and
Z ′1,operiod, are expected to be converted to each other through Fourier transformation.
From these expressions, the toric diagrams are given in Fig. 5. Especially, we find that
the toric diagram of the periodic chain geometry is given by the collection of the black dots
infinitely spanned on one of the axis. Here we express the toric diagram of the periodic chain
geometry as the dots spanned along the vertical axis.
(a)
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Figure 5: The toric diagrams of the mirror curves. The left corresponds to the 1-chain
geometry, and the right panel corresponds to the periodic 1-chain geometry.
3.2 General case N > 1
In the previous Section, we have provided the prescription to obtain the mirror curve, and
demonstrated the computation in the simplest case. In this Section, we provide the result
of the mirror curve in the general case.
The partition function of the (periodic) N -chain geometries with single brane are given
by
ZN,ochain =
N∏
a=1
(q1/2x
∏a−1
k=1Qτk ; q)∞
(q1/2xQma
∏a−1
k=1Qτk ; q)∞
, (3.17a)
Z ′N,ochain =
∞∑
n=0
(q1/2x)n
N∏
a=1
(Qma
∏a−1
k=1Qτk ; q)n
(q
∏a−1
k=1Qτk ; q)n
, (3.17b)
ZN,operiod =
N∏
a=1
Γe(q
1/2xQma
∏a−1
k=1Qτk ; q;Qτ )
Γe(q1/2x
∏a−1
k=1Qτk ; q;Qτ )
, (3.17c)
Z ′N,operiod =
∞∑
n=0
(q1/2x)n
N∏
a=1
θ(Q−1ma
∏a−1
k=1Q
−1
τk
; q−1;Qτ )n
θ(q−1
∏a−1
k=1Q
−1
τk ; q
−1;Qτ )n
. (3.17d)
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We can easily find the quantum mirror curves by doing the same computation in Sec. 3.1,[ N∏
a=1
(1− q1/2
a−1∏
k=1
Qτkx)p−
N∏
a=1
(1− q1/2Qma
a−1∏
k=1
Qτkx)
]
ZN,ochain(x) = 0, (3.18a)[
q1/2x
N∏
a=1
(1−Qma
a−1∏
k=1
Qτkp)−
N∏
a=1
(1−
a−1∏
k=1
Qτkp)
]
Z ′N,ochain(x) = 0, (3.18b)[ N∏
a=1
θ(q−1/2
a−1∏
k=1
Q−1τk x
−1;Qτ ))p−
N∏
a=1
θ(q−1/2Q−1ma
a−1∏
k=1
Q−1τk x
−1;Qτ )
]
ZN,operiod(x) = 0, (3.18c)[
q1/2x
N∏
a=1
θ(
a−1∏
k=1
Q−1τk Q
−1
map
−1;Qτ )−
N∏
a=1
θ(
a−1∏
k=1
Q−1τk p
−1;Qτ ))
]
Z ′N,operiod(x) = 0. (3.18d)
The quantum operators are
HNchain(x, p) =
N∏
a=1
(1− q1/2
a−1∏
k=1
Qτkx)p−
N∏
a=1
(1− q1/2Qma
a−1∏
k=1
Qτkx), (3.19a)
H′Nchain(x, p) = q
1/2x
N∏
a=1
(1−Qma
a−1∏
k=1
Qτkp)−
N∏
a=1
(1−
a−1∏
k=1
Qτkp), (3.19b)
HNperiod(x, p) =
N∏
a=1
θ(q−1/2
a−1∏
k=1
Q−1τk x
−1;Qτ ))p−
N∏
a=1
θ(q−1/2Q−1ma
a−1∏
k=1
Q−1τk x
−1;Qτ ), (3.19c)
H′Nperiod(x, p) = q
1/2x
N∏
a=1
θ(Q−1ma
a−1∏
k=1
Q−1τk p
−1;Qτ )−
N∏
a=1
θ(
a−1∏
k=1
Q−1τk p
−1;Qτ )), (3.19d)
and the classical polynomials are
HNchain(x, p) = p
N∏
a=1
(1−
a−1∏
k=1
Qτkx)−
N∏
a=1
(1−Qma
a−1∏
k=1
Qτkx), (3.20a)
H ′Nchain(x, p) = x
N∏
a=1
(1−Qma
a−1∏
k=1
Qτkp)−
N∏
a=1
(1−
a−1∏
k=1
Qτkp), (3.20b)
HNperiod(x, p) = p
N∏
a=1
θ(
a−1∏
k=1
Q−1τk x
−1;Qτ ))−
N∏
a=1
θ(Q−1ma
a−1∏
k=1
Q−1τk x
−1;Qτ ), (3.20c)
H ′Nperiod(x, p) = x
N∏
a=1
θ(Q−1ma
a−1∏
k=1
Q−1τk p
−1;Qτ )−
N∏
a=1
θ(
a−1∏
k=1
Q−1τk p
−1;Qτ )). (3.20d)
When the Ka¨hler parameters Qma are set to the same values, Qma = Qm, again the quantum
operators and the classical polynomials have following relations,
HNchain(q
−1/2Q−1m p, q
1/2x)
∣∣∣
Qm→q−1Q−1m
= H′Nchain(x, p), H
N
chain(Q
−1
m p, x)Qm→Q−1m = H
′N
chain(x, p),
(3.21a)
HNperiod(q
−1/2Q−1m p, q
1/2x)
∣∣∣
Qm→q−1Q−1m
= H′Nperiod(x, p), H
N
period(Q
−1
m p, x)Qm→Q−1m = H
′N
period(x, p).
(3.21b)
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where we fix Qτk under the shift Qm → q−1Q−1m . The toric diagrams of these mirror curves
are given in Fig. 6. In the N -chain geometry, the toric diagram of the mirror curve is
extended to the collecton of (2N + 2) dots. These quantum mirror curves must be identified
with the difference equations for the (elliptic) hypergeometric functions.
(a)
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Figure 6: The toric diagrams of the mirror curves in general case. The left panel corresponds
to the N -chain geometry, and the right panel corresponds to the periodic N -chain geometry.
Let us connemt on a possible connection between the mirror curves (3.20) and the
Seiberg–Witten geometry. The Seiberg–Witten curve for 4d SU(N) gauge theory with N fun-
damental and anti-fundamental hypermultiplets, whose brane realization is found in Fig. 7,
is given by
ΣSW = {(x, p) ∈ C× C∗ | HSW(x, p) = 0} (3.22)
with
HSW(x, p) = a(x) p+
d(x)
p
− T (x) (3.23)
where a(x), d(x) are polynomials in x of degree N , encoding the fundamental and anti-
fundamental masses, {mf , m˜f}f=1,...,N ,
a(x) =
N∏
f=1
(x−mf ) , d(x) =
N∏
f=1
(x− m˜f ) . (3.24)
The polynomial T (x) encodes the Coulomb moduli {aα}α=1,...,N . Equating the fundamental
masses and the Coulomb moduli aα = mα for α = 1, . . . , N , as known as the root of Higgs
branch [43], the theory enters the Higgs branch and the right NS5 brane can be removed
away. In the viewpoint of the Seiberg–Witten geometry, it corresponds to the factorization
of the curve at T (x) = a(x) + d(x),
HSW(x, p) = 0 ⇐⇒ (a(x) p− d(x)) (p− 1) = 0 . (3.25)
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Then we identify the first factor with the contribution of the left NS5 brane,
a(x) p− d(x) = 0 . (3.26)
Turning on the Ω-background, one can obtain the differential equation for the corresponding
gauge theory partition function, which is regarded as quantization of (3.26) [44].
NS5
D4
m˜1
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m1
<latexit sha1_base64="jmc1Xs0DppFXccYWIgUXYd8ncbs=">AAACh HichVG7SgNBFD1ZX/GZqI1gEwyKhYS7PlAsJGhjaYxRQSXsrmNcsi92J4EY8gOCrRZWChZi7w/Y+AMWfoJYKthYeLNZEBX1DjNz5sw9d85wdc8yA 0n0GFPa2js6u+LdPb19/QOJ5ODQZuBWfEMUDNdy/W1dC4RlOqIgTWmJbc8Xmq1bYksvrzTvt6rCD0zX2ZA1T+zZWskxD0xDk0zl7aJaTKYpQ2Gkf gI1AmlEseYmb7GLfbgwUIENAQeSsQUNAY8dqCB4zO2hzpzPyAzvBRroYW2FswRnaMyWeS3xaSdiHT43awah2uBXLJ4+K1MYpwe6phe6pxt6ovdfa 9XDGk0vNd71llZ4xcTxSP7tX5XNu8Thp+pPzxIHWAi9muzdC5nmL4yWvnp09pJfXB+vT9AlPbP/C3qkO/6BU301rnJi/fwPPzp7aXB71O/N+Ak2p zMqZdTcbDq7HDUqjlGMYZK7MY8sVrGGAlcv4QSnOFM6lSllRplrpSqxSDOML6EsfQAvbJBz</latexit><latexit sha1_base64="jmc1Xs0DppFXccYWIgUXYd8ncbs=">AAACh HichVG7SgNBFD1ZX/GZqI1gEwyKhYS7PlAsJGhjaYxRQSXsrmNcsi92J4EY8gOCrRZWChZi7w/Y+AMWfoJYKthYeLNZEBX1DjNz5sw9d85wdc8yA 0n0GFPa2js6u+LdPb19/QOJ5ODQZuBWfEMUDNdy/W1dC4RlOqIgTWmJbc8Xmq1bYksvrzTvt6rCD0zX2ZA1T+zZWskxD0xDk0zl7aJaTKYpQ2Gkf gI1AmlEseYmb7GLfbgwUIENAQeSsQUNAY8dqCB4zO2hzpzPyAzvBRroYW2FswRnaMyWeS3xaSdiHT43awah2uBXLJ4+K1MYpwe6phe6pxt6ovdfa 9XDGk0vNd71llZ4xcTxSP7tX5XNu8Thp+pPzxIHWAi9muzdC5nmL4yWvnp09pJfXB+vT9AlPbP/C3qkO/6BU301rnJi/fwPPzp7aXB71O/N+Ak2p zMqZdTcbDq7HDUqjlGMYZK7MY8sVrGGAlcv4QSnOFM6lSllRplrpSqxSDOML6EsfQAvbJBz</latexit><latexit sha1_base64="jmc1Xs0DppFXccYWIgUXYd8ncbs=">AAACh HichVG7SgNBFD1ZX/GZqI1gEwyKhYS7PlAsJGhjaYxRQSXsrmNcsi92J4EY8gOCrRZWChZi7w/Y+AMWfoJYKthYeLNZEBX1DjNz5sw9d85wdc8yA 0n0GFPa2js6u+LdPb19/QOJ5ODQZuBWfEMUDNdy/W1dC4RlOqIgTWmJbc8Xmq1bYksvrzTvt6rCD0zX2ZA1T+zZWskxD0xDk0zl7aJaTKYpQ2Gkf gI1AmlEseYmb7GLfbgwUIENAQeSsQUNAY8dqCB4zO2hzpzPyAzvBRroYW2FswRnaMyWeS3xaSdiHT43awah2uBXLJ4+K1MYpwe6phe6pxt6ovdfa 9XDGk0vNd71llZ4xcTxSP7tX5XNu8Thp+pPzxIHWAi9muzdC5nmL4yWvnp09pJfXB+vT9AlPbP/C3qkO/6BU301rnJi/fwPPzp7aXB71O/N+Ak2p zMqZdTcbDq7HDUqjlGMYZK7MY8sVrGGAlcv4QSnOFM6lSllRplrpSqxSDOML6EsfQAvbJBz</latexit><latexit sha1_base64="jmc1Xs0DppFXccYWIgUXYd8ncbs=">AAACh HichVG7SgNBFD1ZX/GZqI1gEwyKhYS7PlAsJGhjaYxRQSXsrmNcsi92J4EY8gOCrRZWChZi7w/Y+AMWfoJYKthYeLNZEBX1DjNz5sw9d85wdc8yA 0n0GFPa2js6u+LdPb19/QOJ5ODQZuBWfEMUDNdy/W1dC4RlOqIgTWmJbc8Xmq1bYksvrzTvt6rCD0zX2ZA1T+zZWskxD0xDk0zl7aJaTKYpQ2Gkf gI1AmlEseYmb7GLfbgwUIENAQeSsQUNAY8dqCB4zO2hzpzPyAzvBRroYW2FswRnaMyWeS3xaSdiHT43awah2uBXLJ4+K1MYpwe6phe6pxt6ovdfa 9XDGk0vNd71llZ4xcTxSP7tX5XNu8Thp+pPzxIHWAi9muzdC5nmL4yWvnp09pJfXB+vT9AlPbP/C3qkO/6BU301rnJi/fwPPzp7aXB71O/N+Ak2p zMqZdTcbDq7HDUqjlGMYZK7MY8sVrGGAlcv4QSnOFM6lSllRplrpSqxSDOML6EsfQAvbJBz</latexit>
a1 = m1
<latexit sha1_base64="xvptZkmoBhXbKu+m4PHvSrPGHps=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbyzzMA2IIu+tEl+yL3 UkghvyAnZVgKgULsfcHbPwBi3yCWEawsfDuZkE0GO8wM2fO3HPnDFe2NNXhiP2AMDE5NT0TnA3NzS8shiNLy0XHbNoKKyimZtplWXKYphqswFWusbJlM0mXNVaSGwfufanFbEc1jSPetlhVl04Nta4qEieqJNXEfb0m1iIxTKAX0VEg+iAGfmTMyCMcwwmYoEATdGBgACesgQQOjQqIgGARV4UOcTYh1 btn0IUQaZuUxShDIrZB6ymdKj5r0Nmt6XhqhV7RaNqkjEIcX/AeB/iMD/iKn3/W6ng1XC9t2uWhllm18MVq/uNflU47h7Nv1VjPHOqw43lVybvlMe4vlKG+dX41yO/l4p0NvMU38n+DfXyiHxitd+Uuy3K9MX5k8tKl9oi/mzEKilsJERNidjuWSvuNCsIarMMmdSMJKTiEDBS86pdwDT0hJKCQFHaHq ULA16zAjxDSX0qtkck=</latexit><latexit sha1_base64="xvptZkmoBhXbKu+m4PHvSrPGHps=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbyzzMA2IIu+tEl+yL3 UkghvyAnZVgKgULsfcHbPwBi3yCWEawsfDuZkE0GO8wM2fO3HPnDFe2NNXhiP2AMDE5NT0TnA3NzS8shiNLy0XHbNoKKyimZtplWXKYphqswFWusbJlM0mXNVaSGwfufanFbEc1jSPetlhVl04Nta4qEieqJNXEfb0m1iIxTKAX0VEg+iAGfmTMyCMcwwmYoEATdGBgACesgQQOjQqIgGARV4UOcTYh1 btn0IUQaZuUxShDIrZB6ymdKj5r0Nmt6XhqhV7RaNqkjEIcX/AeB/iMD/iKn3/W6ng1XC9t2uWhllm18MVq/uNflU47h7Nv1VjPHOqw43lVybvlMe4vlKG+dX41yO/l4p0NvMU38n+DfXyiHxitd+Uuy3K9MX5k8tKl9oi/mzEKilsJERNidjuWSvuNCsIarMMmdSMJKTiEDBS86pdwDT0hJKCQFHaHq ULA16zAjxDSX0qtkck=</latexit><latexit sha1_base64="xvptZkmoBhXbKu+m4PHvSrPGHps=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbyzzMA2IIu+tEl+yL3 UkghvyAnZVgKgULsfcHbPwBi3yCWEawsfDuZkE0GO8wM2fO3HPnDFe2NNXhiP2AMDE5NT0TnA3NzS8shiNLy0XHbNoKKyimZtplWXKYphqswFWusbJlM0mXNVaSGwfufanFbEc1jSPetlhVl04Nta4qEieqJNXEfb0m1iIxTKAX0VEg+iAGfmTMyCMcwwmYoEATdGBgACesgQQOjQqIgGARV4UOcTYh1 btn0IUQaZuUxShDIrZB6ymdKj5r0Nmt6XhqhV7RaNqkjEIcX/AeB/iMD/iKn3/W6ng1XC9t2uWhllm18MVq/uNflU47h7Nv1VjPHOqw43lVybvlMe4vlKG+dX41yO/l4p0NvMU38n+DfXyiHxitd+Uuy3K9MX5k8tKl9oi/mzEKilsJERNidjuWSvuNCsIarMMmdSMJKTiEDBS86pdwDT0hJKCQFHaHq ULA16zAjxDSX0qtkck=</latexit><latexit sha1_base64="xvptZkmoBhXbKu+m4PHvSrPGHps=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbyzzMA2IIu+tEl+yL3 UkghvyAnZVgKgULsfcHbPwBi3yCWEawsfDuZkE0GO8wM2fO3HPnDFe2NNXhiP2AMDE5NT0TnA3NzS8shiNLy0XHbNoKKyimZtplWXKYphqswFWusbJlM0mXNVaSGwfufanFbEc1jSPetlhVl04Nta4qEieqJNXEfb0m1iIxTKAX0VEg+iAGfmTMyCMcwwmYoEATdGBgACesgQQOjQqIgGARV4UOcTYh1 btn0IUQaZuUxShDIrZB6ymdKj5r0Nmt6XhqhV7RaNqkjEIcX/AeB/iMD/iKn3/W6ng1XC9t2uWhllm18MVq/uNflU47h7Nv1VjPHOqw43lVybvlMe4vlKG+dX41yO/l4p0NvMU38n+DfXyiHxitd+Uuy3K9MX5k8tKl9oi/mzEKilsJERNidjuWSvuNCsIarMMmdSMJKTiEDBS86pdwDT0hJKCQFHaHq ULA16zAjxDSX0qtkck=</latexit>
a2 = m2
<latexit sha1_base64="MTXZS2Y/siSIbQiQTfmgNRhBcWE=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuBiEqCCE2lnmYB8Sw7K6TuGRf7 G4CMeQH7KwEUylYiL0/YOMPWOQTxDKCjYV3NwuiwXiHmTlz5p47Z7iSqSq2gzgIcFPTM7NzwfnQwuLScjiyslqyjZYls6JsqIZVkUSbqYrOio7iqKxiWkzUJJWVpeahe19uM8tWDP3Y6ZispokNXakrsugQVRaF5IEmJIVIDBPoRXQc8D6IgR9ZI/IIJ3AKBsjQAg0Y6OAQVkEEm0YVeEAwiatBlziLk OLdM+hBiLQtymKUIRLbpLVBp6rP6nR2a9qeWqZXVJoWKaMQxxe8xyE+4wO+4ueftbpeDddLh3ZppGWmEL5YL3z8q9Jod+DsWzXRswN12PW8KuTd9Bj3F/JI3z6/Ghb28/HuFt7iG/m/wQE+0Q/09rt8l2P5/gQ/EnnpUXv4380YB6VkgscEn9uJpTN+o4KwAZuwTd1IQRqOIAtFr/olXEOfC3HIpbi9U SoX8DVr8CO4zBdO7ZHL</latexit><latexit sha1_base64="MTXZS2Y/siSIbQiQTfmgNRhBcWE=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuBiEqCCE2lnmYB8Sw7K6TuGRf7 G4CMeQH7KwEUylYiL0/YOMPWOQTxDKCjYV3NwuiwXiHmTlz5p47Z7iSqSq2gzgIcFPTM7NzwfnQwuLScjiyslqyjZYls6JsqIZVkUSbqYrOio7iqKxiWkzUJJWVpeahe19uM8tWDP3Y6ZispokNXakrsugQVRaF5IEmJIVIDBPoRXQc8D6IgR9ZI/IIJ3AKBsjQAg0Y6OAQVkEEm0YVeEAwiatBlziLk OLdM+hBiLQtymKUIRLbpLVBp6rP6nR2a9qeWqZXVJoWKaMQxxe8xyE+4wO+4ueftbpeDddLh3ZppGWmEL5YL3z8q9Jod+DsWzXRswN12PW8KuTd9Bj3F/JI3z6/Ghb28/HuFt7iG/m/wQE+0Q/09rt8l2P5/gQ/EnnpUXv4380YB6VkgscEn9uJpTN+o4KwAZuwTd1IQRqOIAtFr/olXEOfC3HIpbi9U SoX8DVr8CO4zBdO7ZHL</latexit><latexit sha1_base64="MTXZS2Y/siSIbQiQTfmgNRhBcWE=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuBiEqCCE2lnmYB8Sw7K6TuGRf7 G4CMeQH7KwEUylYiL0/YOMPWOQTxDKCjYV3NwuiwXiHmTlz5p47Z7iSqSq2gzgIcFPTM7NzwfnQwuLScjiyslqyjZYls6JsqIZVkUSbqYrOio7iqKxiWkzUJJWVpeahe19uM8tWDP3Y6ZispokNXakrsugQVRaF5IEmJIVIDBPoRXQc8D6IgR9ZI/IIJ3AKBsjQAg0Y6OAQVkEEm0YVeEAwiatBlziLk OLdM+hBiLQtymKUIRLbpLVBp6rP6nR2a9qeWqZXVJoWKaMQxxe8xyE+4wO+4ueftbpeDddLh3ZppGWmEL5YL3z8q9Jod+DsWzXRswN12PW8KuTd9Bj3F/JI3z6/Ghb28/HuFt7iG/m/wQE+0Q/09rt8l2P5/gQ/EnnpUXv4380YB6VkgscEn9uJpTN+o4KwAZuwTd1IQRqOIAtFr/olXEOfC3HIpbi9U SoX8DVr8CO4zBdO7ZHL</latexit><latexit sha1_base64="MTXZS2Y/siSIbQiQTfmgNRhBcWE=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuBiEqCCE2lnmYB8Sw7K6TuGRf7 G4CMeQH7KwEUylYiL0/YOMPWOQTxDKCjYV3NwuiwXiHmTlz5p47Z7iSqSq2gzgIcFPTM7NzwfnQwuLScjiyslqyjZYls6JsqIZVkUSbqYrOio7iqKxiWkzUJJWVpeahe19uM8tWDP3Y6ZispokNXakrsugQVRaF5IEmJIVIDBPoRXQc8D6IgR9ZI/IIJ3AKBsjQAg0Y6OAQVkEEm0YVeEAwiatBlziLk OLdM+hBiLQtymKUIRLbpLVBp6rP6nR2a9qeWqZXVJoWKaMQxxe8xyE+4wO+4ueftbpeDddLh3ZppGWmEL5YL3z8q9Jod+DsWzXRswN12PW8KuTd9Bj3F/JI3z6/Ghb28/HuFt7iG/m/wQE+0Q/09rt8l2P5/gQ/EnnpUXv4380YB6VkgscEn9uJpTN+o4KwAZuwTd1IQRqOIAtFr/olXEOfC3HIpbi9U SoX8DVr8CO4zBdO7ZHL</latexit>
a3 = m3
<latexit sha1_base64="qD881QHuAe4btLuZ/16aQugxYCM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuGiEqCCE2lnmYB8Sw 7K4TXbIvdjeBGPIDdlaCqRQsxN4fsPEHLPIJYhnBxsK7mwXRYLzDzJw5c8+dM1zJVBXbQewHuInJqemZ4Gxobn5hMRxZWi7ZRtOSWVE2VMOqSKLNVEVnRUdxVFYxLSZqksrKUuPAvS+3mGUrhn7ktE1W08RTXakrsugQVRaF5L4mJIVIDBPoRXQU8D6IgR9ZI/IIx3ACBsjQBA 0Y6OAQVkEEm0YVeEAwiatBhziLkOLdM+hCiLRNymKUIRLboPWUTlWf1ens1rQ9tUyvqDQtUkYhji94jwN8xgd8xc8/a3W8Gq6XNu3SUMtMIXyxWvj4V6XR7sDZt2qsZwfqsON5Vci76THuL+ShvnV+NSjs5eOdDbzFN/J/g318oh/orXf5LsfyvTF+JPLSpfbwv5sxCkpbCR4T fG47ls74jQrCGqzDJnUjBWk4hCwUveqXcA09LsQhl+J2h6lcwNeswI/gMl9TLZHN</latexit><latexit sha1_base64="qD881QHuAe4btLuZ/16aQugxYCM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuGiEqCCE2lnmYB8Sw 7K4TXbIvdjeBGPIDdlaCqRQsxN4fsPEHLPIJYhnBxsK7mwXRYLzDzJw5c8+dM1zJVBXbQewHuInJqemZ4Gxobn5hMRxZWi7ZRtOSWVE2VMOqSKLNVEVnRUdxVFYxLSZqksrKUuPAvS+3mGUrhn7ktE1W08RTXakrsugQVRaF5L4mJIVIDBPoRXQU8D6IgR9ZI/IIx3ACBsjQBA 0Y6OAQVkEEm0YVeEAwiatBhziLkOLdM+hCiLRNymKUIRLboPWUTlWf1ens1rQ9tUyvqDQtUkYhji94jwN8xgd8xc8/a3W8Gq6XNu3SUMtMIXyxWvj4V6XR7sDZt2qsZwfqsON5Vci76THuL+ShvnV+NSjs5eOdDbzFN/J/g318oh/orXf5LsfyvTF+JPLSpfbwv5sxCkpbCR4T fG47ls74jQrCGqzDJnUjBWk4hCwUveqXcA09LsQhl+J2h6lcwNeswI/gMl9TLZHN</latexit><latexit sha1_base64="qD881QHuAe4btLuZ/16aQugxYCM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuGiEqCCE2lnmYB8Sw 7K4TXbIvdjeBGPIDdlaCqRQsxN4fsPEHLPIJYhnBxsK7mwXRYLzDzJw5c8+dM1zJVBXbQewHuInJqemZ4Gxobn5hMRxZWi7ZRtOSWVE2VMOqSKLNVEVnRUdxVFYxLSZqksrKUuPAvS+3mGUrhn7ktE1W08RTXakrsugQVRaF5L4mJIVIDBPoRXQU8D6IgR9ZI/IIx3ACBsjQBA 0Y6OAQVkEEm0YVeEAwiatBhziLkOLdM+hCiLRNymKUIRLboPWUTlWf1ens1rQ9tUyvqDQtUkYhji94jwN8xgd8xc8/a3W8Gq6XNu3SUMtMIXyxWvj4V6XR7sDZt2qsZwfqsON5Vci76THuL+ShvnV+NSjs5eOdDbzFN/J/g318oh/orXf5LsfyvTF+JPLSpfbwv5sxCkpbCR4T fG47ls74jQrCGqzDJnUjBWk4hCwUveqXcA09LsQhl+J2h6lcwNeswI/gMl9TLZHN</latexit><latexit sha1_base64="qD881QHuAe4btLuZ/16aQugxYCM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuGiEqCCE2lnmYB8Sw 7K4TXbIvdjeBGPIDdlaCqRQsxN4fsPEHLPIJYhnBxsK7mwXRYLzDzJw5c8+dM1zJVBXbQewHuInJqemZ4Gxobn5hMRxZWi7ZRtOSWVE2VMOqSKLNVEVnRUdxVFYxLSZqksrKUuPAvS+3mGUrhn7ktE1W08RTXakrsugQVRaF5L4mJIVIDBPoRXQU8D6IgR9ZI/IIx3ACBsjQBA 0Y6OAQVkEEm0YVeEAwiatBhziLkOLdM+hCiLRNymKUIRLboPWUTlWf1ens1rQ9tUyvqDQtUkYhji94jwN8xgd8xc8/a3W8Gq6XNu3SUMtMIXyxWvj4V6XR7sDZt2qsZwfqsON5Vci76THuL+ShvnV+NSjs5eOdDbzFN/J/g318oh/orXf5LsfyvTF+JPLSpfbwv5sxCkpbCR4T fG47ls74jQrCGqzDJnUjBWk4hCwUveqXcA09LsQhl+J2h6lcwNeswI/gMl9TLZHN</latexit>
aN = mN
<latexit sha1_base64="d9BnKjxvA/o2jSYcDUZyD8uKeeM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbq5CHeUAMy+460SX7Y ncTiCE/YGclmErBQuz9ARt/wCKfIJYRbCy8u1kQDcY7zMyZM/fcOcOVTFWxHcR+gJuYnJqeCc6G5uYXFsORpeWSbTQtmRVlQzWsiiTaTFV0VnQUR2UV02KiJqmsLDUO3Ptyi1m2YuhHTttkNU081ZW6IosOUWVRyOxrQkaIxDCBXkRHAe+DGPiRNSKPcAwnYIAMTdCAgQ4OYRVEsGlUgQcEk7gadIizC CnePYMuhEjbpCxGGSKxDVpP6VT1WZ3Obk3bU8v0ikrTImUU4viC9zjAZ3zAV/z8s1bHq+F6adMuDbXMFMIXq4WPf1Ua7Q6cfavGenagDjueV4W8mx7j/kIe6lvnV4PCXj7e2cBbfCP/N9jHJ/qB3nqX73Is3xvjRyIvXWoP/7sZo6C0leAxwee2Y6m036ggrME6bFI3kpCCQ8hC0at+CdfQ40Iccklud 5jKBXzNCvwILv0Fxe2SAw==</latexit><latexit sha1_base64="d9BnKjxvA/o2jSYcDUZyD8uKeeM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbq5CHeUAMy+460SX7Y ncTiCE/YGclmErBQuz9ARt/wCKfIJYRbCy8u1kQDcY7zMyZM/fcOcOVTFWxHcR+gJuYnJqeCc6G5uYXFsORpeWSbTQtmRVlQzWsiiTaTFV0VnQUR2UV02KiJqmsLDUO3Ptyi1m2YuhHTttkNU081ZW6IosOUWVRyOxrQkaIxDCBXkRHAe+DGPiRNSKPcAwnYIAMTdCAgQ4OYRVEsGlUgQcEk7gadIizC CnePYMuhEjbpCxGGSKxDVpP6VT1WZ3Obk3bU8v0ikrTImUU4viC9zjAZ3zAV/z8s1bHq+F6adMuDbXMFMIXq4WPf1Ua7Q6cfavGenagDjueV4W8mx7j/kIe6lvnV4PCXj7e2cBbfCP/N9jHJ/qB3nqX73Is3xvjRyIvXWoP/7sZo6C0leAxwee2Y6m036ggrME6bFI3kpCCQ8hC0at+CdfQ40Iccklud 5jKBXzNCvwILv0Fxe2SAw==</latexit><latexit sha1_base64="d9BnKjxvA/o2jSYcDUZyD8uKeeM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbq5CHeUAMy+460SX7Y ncTiCE/YGclmErBQuz9ARt/wCKfIJYRbCy8u1kQDcY7zMyZM/fcOcOVTFWxHcR+gJuYnJqeCc6G5uYXFsORpeWSbTQtmRVlQzWsiiTaTFV0VnQUR2UV02KiJqmsLDUO3Ptyi1m2YuhHTttkNU081ZW6IosOUWVRyOxrQkaIxDCBXkRHAe+DGPiRNSKPcAwnYIAMTdCAgQ4OYRVEsGlUgQcEk7gadIizC CnePYMuhEjbpCxGGSKxDVpP6VT1WZ3Obk3bU8v0ikrTImUU4viC9zjAZ3zAV/z8s1bHq+F6adMuDbXMFMIXq4WPf1Ua7Q6cfavGenagDjueV4W8mx7j/kIe6lvnV4PCXj7e2cBbfCP/N9jHJ/qB3nqX73Is3xvjRyIvXWoP/7sZo6C0leAxwee2Y6m036ggrME6bFI3kpCCQ8hC0at+CdfQ40Iccklud 5jKBXzNCvwILv0Fxe2SAw==</latexit><latexit sha1_base64="d9BnKjxvA/o2jSYcDUZyD8uKeeM=">AAACiHichVG7SgNBFL1ZXzE+ErURbIIhYhXuihAVhBAbq5CHeUAMy+460SX7Y ncTiCE/YGclmErBQuz9ARt/wCKfIJYRbCy8u1kQDcY7zMyZM/fcOcOVTFWxHcR+gJuYnJqeCc6G5uYXFsORpeWSbTQtmRVlQzWsiiTaTFV0VnQUR2UV02KiJqmsLDUO3Ptyi1m2YuhHTttkNU081ZW6IosOUWVRyOxrQkaIxDCBXkRHAe+DGPiRNSKPcAwnYIAMTdCAgQ4OYRVEsGlUgQcEk7gadIizC CnePYMuhEjbpCxGGSKxDVpP6VT1WZ3Obk3bU8v0ikrTImUU4viC9zjAZ3zAV/z8s1bHq+F6adMuDbXMFMIXq4WPf1Ua7Q6cfavGenagDjueV4W8mx7j/kIe6lvnV4PCXj7e2cBbfCP/N9jHJ/qB3nqX73Is3xvjRyIvXWoP/7sZo6C0leAxwee2Y6m036ggrME6bFI3kpCCQ8hC0at+CdfQ40Iccklud 5jKBXzNCvwILv0Fxe2SAw==</latexit>
(a) (b) (c) (d)
Figure 7: Higgsing for the Hanany–Witten brane set up. By setting the Coulomb moduli
parameters to the masses of the fundamental multiplets, we can remove one of the NS5-brane.
We can also apply this argument to 5d and 6d theories. For 5d theory, we just replace
x ∈ C with C∗, and the factorized curve (3.26) agrees with the mirror curve for the chain
geometry (3.20). Actually the geometry shown in Fig. 7 (d) coincides with the web diagram
of the chain geometry. For 6d theory, the polynomials, a(x) and d(x), are replaced with the
elliptic function, and (3.26) agrees with the periodic chain geometry similarly.
3.3 Relation of the chain geometry and periodic chain geometry
At a glance, the toric diagram of the N -chain geometry is similar with the one of the periodic
1-chain geometry when N is sufficiently large. Indeed, the partition function of the ∞-chain
geometry with single brane under the constraints Qτk = Qτ and Qma = Qm is given by
Z∞,ochain =
∞∏
n=1
(q1/2xQn−1τ ; q)∞
(q1/2xQmQ
n−1
τ ; q)∞
, (3.27)
and we find
Z∞,ochain(x)Z∞,ochain(Qτx−1) = Z1,operiod(x). (3.28)
We interpret Z∞,ochain(Qτx−1) as the partition function of the topological strings with the anti-
brane since the orientations of the worldsheets coming from left side and right side of the
Lagrange submanifold are opposite. In terms of the toric diagram, this leads to the collection
of the dots extended along the negative vertical axis. Actually this observation suggests a
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possible realization of 6d (elliptic) gauge theory using 5d super group theory as discussed
later.
From this observation, when we calculate the partition function of the open topological
string on the 2N -chain geometry with the inner branes as in Fig. 8, and take the limit
N → ∞, we expect that this partition function agrees with the periodic N -chain geometry
since the worldsheets attached on the brane from the left and right side have the opposite
orientation, and correspond to the contributions coming from the brane and anti-brane.
N-chain geometryN-chain geometry
2N-chain geometry
Figure 8: The 2N -chain geometry with the inner branes. The branes are located at the
middle of the chain geometry.
The partition function is simply given by replacing the operator (−QN )L0 to V−(x1)(−QN )L0V ′+(x2)
in the partition function of the closed topological string (2.6),
Z ′′Nchain = 〈0|
N−1∏
a=1
[
V−(q−ρ)V+(q−ρ)(−Qma)L0V ′−(q−ρ)V ′+(q−ρ)(−Qa)L0
]
× V−(q−ρ)V+(q−ρ)(−QmN )L0V ′−(q−ρ)V ′+(q−ρ)V−(x1)(−QN )L0V ′+(x2)
×
2N∏
a=N+1
[
V−(q−ρ)V+(q−ρ)(−Qma)L0V ′−(q−ρ)V ′+(q−ρ)(−Qa)L0
]
|0〉.
(3.29)
With the single brane, the partition function of the open topological strings is
Z ′′N,ochain =
Z ′′Nchain
ZN,cchain
=
N∏
a=1
(q1/2x−1Q−1ma
∏N
k=aQτk ; q)∞
(q1/2x−1
∏N
k=aQτk ; q)∞
×
2N∏
a=N
(q1/2x
∏a
k=N+1Qτk ; q)∞
(1− q1/2xQma+1
∏a
k=N+1Qτk ; q)∞
.
(3.30)
By setting Qma = Qm and Qτa = Qτ , and taking N →∞, we find
Z ′′N,ochain =
∞∏
n=1
(q1/2xQn−1τk ; q)∞(q
1/2x−1Q−1m Qnτk ; q)∞
(q1/2x−1Qnτ )∞(q1/2xQmQ
n−1
τ ; q)∞
, (3.31)
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which is exactly the same as the partition function of the topological string with single brane
on the periodic 1-chain geometry, so that the mirror curves of two geometries are also the
same.
Then, one might wonder what about the closed topological strings. The partition function
on the ∞-chain geometry is given by setting Qma = Qm and Qa = Q, and taking N → ∞
in (2.7) (as explained in, e.g. [23]). The result is infinite product of the periodic 1-chain
geometry8,
Z∞,cchain =
(Z1,cperiod)∞. (3.32)
The interpretation of the above results is as follows: When there is a P1’s, the worldsheet
can be wrapped on 2-cycles whose Ka¨hler parameter is Qm, and the contribution is (1 −
Qmq
i+j−1). Let us consider the case where there are some P1’s whose Ka¨hler parameters
are Qma and Qa. Here we denote P1’s characterlized by Qma and Qa by P1ma ’s and P
1
a’s,
respectively. In this situation, the worldsheet can be wrapped on some 2-cycles, and there
are three types of contributions, (1 − Qma
∏a−1
k=b Qτkq
i+j−1), (1 − Qmb
∏a
k=b+1Qτkq
i+j−1),
and (1−QmaQb
∏a−1
k=b+1Qτkq
i+j−1), as in (2.7). When we fix a = 1 in the product in (2.7),
b runs from 2 to∞, and the collection of the product becomes Z1,cperiod under Qma = Qm and
Qτa = Qτ , and these contributions come from the worldsheet wrapped on P1ma ’s and P
1
b ’s
where a ≥ 1, b > 1. The similar discussion can be applied for a ≥ 2, so that the result is the
infinite product of Z1,cperiod.
In the open topological string, the partition function is devided by the partition function
of the closed topological string, so that the contributions come from the worldsheet wrapped
on P1ma ’s and P
1
a’s, and attached on the Lagrange submanifold. These contributions become
to Z1,operiod. The important point is that the maps from the worldsheet to the toric Calabi–
Yau threefold are connected, so that there is no other contribution due to the normalization,
Zo = Z/Zc.
The periodic N -chain geometry can be realized as the similar way: consider the 2NM -
chain geometry with single brane on the middle of the chain, and imposing the “periodicity”
on the Ka¨hler parameters as follows,
Qma+N = Qma , Qτa+N = Qτa . (3.33)
By taking the limit, M → ∞, we obtain the partition function of the periodic N -chain
geometry with single brane as the ∞-chain geometry with single brane.
The connection between the open and periodic chain geometry also implies a possible
connection for the 6d and 5d gauge theories. As shown in (3.28), we need to combine the
8One may read off the BPS spectrum from the asymptotic behavior of the partition function in the limit
N →∞.
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brane and anti-brane contributions to realize the periodic chain geometry. Since the anti-
brane engineers the supergroup gauge theory [45], this observation implies the connection
between 5d supergroup gauge theory and 6d gauge theory. We can see such a connection from
the view point of Seiberg–Witten geometry. The Seiberg–Witten curve for 6d N = (1, 0)
SU(N) gauge theory on R4 × T 2 is given by (3.23) with the elliptic functions
T 6dSU(N)(x) =
N∏
α=1
θ(ex−aα ; p) , etc (3.34)
where p = exp(2piiτ) is the elliptic nome with the torus modulus τ . Since the θ-function is
formally written as
θ(z; p) = (z; p)∞(pz−1; p)∞ = (z; p)∞(z−1; p−1)−1∞ , (3.35)
we have
T 6dSU(N)(x) =
N∏
α=1
∞∏
n=0
(
1− ex−aα+2npiiτ) (1− e−x+aα−2npiiτ)−1 (3.36)
which coincides with the curve for 5d SU(NM |NM) gauge theory with M → ∞ [46]. It
would be interesting to study such a Kaluza–Klein-like uplift of supergroup gauge theory
from 5d to 6d for more details.
4 Discussion
In this paper we have discussed the (quantum) mirror curves from the partition functions of
the open topological strings calculated by the topological vertex.
There are some topics for the further studies. First of all, it would be interesting to cal-
culate the non-perturbative effects of the topological strings on the periodic chain geometry
based on the mirror curve derived in this paper. According to [47], the non-perturbative free
energy of the topological strings on periodic 1-chain geometry is given by the combination of
the unrefined free energy and the Nekrasov–Shatashvili limit of the free energy of the refined
topological string. As we mentioned in the introduction, the authors in [7] proposed that
the non-perturbative free energy is closely related to the quantization of the mirror curve,
and this conjecture is investigated in various examples. However, to the authors’ knowledge,
there is no evidence for the periodic geometry.
In this paper, we have obtained the genus-0 and -1 mirror curves corresponding to the
chain geometry and the periodic chain geometry, respectively. The derivation of the higher
genus mirror curve is difficult since there are two or more partitions that we cannot take the
summation, so that we cannot derive the difference equation for the partition function at
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this stage. If this issue is resolved, we can investigate the B-model topological string theory
on the more complicated chain geometry.
The mirror curve of the periodic chain geometry has been obtained from the infinitely
long chain geometry. We can do the same process for the periodic chain geometry, namely,
we can consider periodic ∞-chain geometry. By regarding Qτ and Qτi as a independent
moduli parameters, and imposing Qτi = p, we obtain
Z∞,operiod =
∞∏
i=1
Γe(xq
−i+1/2;Qτ ; p)
Γe(xQmq−i+1/2;Qτ ; p)
, (4.1)
This result should be interpreted as “compactification” of the web diagram. It would be
interesting to clarify what the physical meaning is.
In this paper, we have considered the topological strings with single brane. Due to the
simplicity, the partition functions are expressed as the (elliptic) hypergeometric function. As
a naive extension, we can consider the topological strings with multiple branes. Since the
analysis is quite difficult due to the technical reason, it would be interesting to study this
direction.
In the mathematical viewpoint, investigating the elliptic version of the q-binomial the-
orem is wothy. As we mentioned in Section 3, the partition function Z1,ochain agrees with
1/Z ′1,ochain due to the symmetry of the geometry. When we compactify the geometry, the
partition function is elliptized, and expressed as the theta function. Since the symmetry
the chain geometry had is broken, some modification would be needed to find the relation
between Z1,operiod and Z ′1,operiod.
We will come back to these issues in the near future.
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A Definitions and notations
A.1 Mathematical preliminaries
Here we define several symbols.
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The q-shifted factorial (q-Pochhammer symbol) is defined as the product,
(x; q)n =

1 for n = 0,
n−1∏
k=0
(1− xqk) for n ≥ 1,
−n∏
k=0
(1− xq−k)−1 for n ≤ −1.
(A.1)
The theta function is defined as the infinite products,
θ(z; p) = (z; p)∞(pz−1; p)∞. (A.2)
The elliptic gamma function is defined by
Γe(x; p1; p2) :=
∏
m,n≥0
1− x−1pn+11 pm+12
1− xpn1pm2
= exp
[∑
m6=0
xm
m(1− pm)(1− qm)
]
, (A.3)
which relates to the theta function,
Γe(p1x) = θ(x; p2)Γe(x), (A.4a)
Γe(p2x) = θ(x; p1)Γe(x). (A.4b)
The hypergeometric function rφs−1(a1, a2, ..., ar; b1, b2, ..., bs; q; z) and its elliptization, the
elliptic hypergeometric function rEr−1(a1, a2, ..., an; b1, b2, ..., bn−1; z), are defined as
rφs−1(a1, a2, ..., ar; b1, b2, ..., bs; q; z)
=
∞∑
n=0
zn
(q; q)n
(
(−1)nq1/2n(n−1))1+s−r (a1; q)n(a2; q)n · · · (ar; q)n
(b1; q)n(b2; q)n · · · (bs; q)n , (A.5a)
rEr−1(a1, a2, ..., an; b1, b2, ..., bn−1; z)
=
∞∑
n=0
zn
θ(a1; q; p)nθ(a2; q; p)n · · · θ(ar; q; p)n
θ(q; q; p)nθ(b1; q; p)nθ(b2; q; p)n · · · θ(br−1; q; p)n . (A.5b)
A.2 Topological Vertex
To define the topological vertex, first we define the Young diagram as the collection of boxes
in Fig. 9, which is a graphical representation of the partition. We denote the variables µi
and µtj as the number of boxes i-th column and j-th row. In the Young diagram we define
the coordinate (i, j) ∈ µ as i = µi, j = µtj . We also define some quantities associated with
the Young diagram as follows,
|µ| =
l∑
i=1
µi, ||µ||2 =
l∑
i=1
µ2i . (A.6)
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µ1 µ2 µ3
µt1
µt2
µt3
···
··
·
Figure 9: The Young diagram we use in this paper.
Now we ready to define the topological vertex which is labelled by the Young diagram,
Cλµν(q) = q
κµ+κν
2 sν(q
−ρ)
∑
η
sλt/η(q
−ν−ρ)sµ/η(q−ρ−ν
t
),
κµ = ||µ||2 − ||µt||2, ρ = −1/2,−3/2,−5/2, · · · ,
(A.7)
where sµ(x) is symmetric function called as Schur function, and sµ/η(x) is the skew-Schur
function defined as
sµ/η(x) =
∑
λ
Nµηλsλ(x), (A.8)
where Nµηλ is the Littlewood–Richardson coefficient.
A.3 Vertex operators
The Schur function can be expressed using the vertex operators,
sµ/ν(x) = 〈ν|V+(x)|µ〉 = 〈µ|V−(x)|ν〉, sµt/νt(x) = 〈ν|V ′+(x)|µ〉 = 〈µ|V ′−(x)|ν〉, (A.9)
where the operators V±(x), V ′±(x) are the vertex operators with the bosonic operators,
V±(x) = exp
[ ∞∑
n=1
J±n
n
∞∑
i=1
xni
]
=
∞∏
i=1
V±(xi), V ′±(x) = exp
[
−
∞∑
n=1
J±n
n
∞∑
i=1
(−xi)n
]
=
∞∏
i=1
V ′±(xi),
[Jn, Jm] = nδn+m,0.
(A.10)
We remark V ′±(x) = V±(−x)−1. The state |µ〉 is defined as the product of the fermionic
operators,
|µ〉 =
d∏
i=1
ψ−αi
d∏
i=1
ψ∗−βi |0〉, ψn|0〉 = ψ∗n|0〉 = 0 for n > 0, (A.11)
with
{ψn, ψ∗m} = δn+m,0 (A.12)
where αi and βi are the lengths defined in the Frobenius coordinate (see Fig. 10), and satisfies
the completeness relation, ∑
µ
|µ〉〈µ| = 1. (A.13)
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The number of the boxes in the Young diagram |µ| is counted by the operator
|µ||µ〉 = L0|µ〉, L0 = 1
2
J20 +
∞∑
n=1
J−nJn. (A.14)
↵1 ↵2
↵3
 1
 2
 3
µ1 µ2 µ3
µt1
µt2
µt3
···
··
·
Figure 10: The Frobenius coordinate. By drawing the diagonal line, we can define two kinds
of the lengths, αi and βi.
The commutation relations for V±(x), V ′±(x), and L0 are given as following,
V+(x)V
′
−(y) =
∞∏
i,j=1
(1 + xiyj)V
′
−(y)V+(x), (A.15a)
V ′+(x)V−(y) =
∞∏
i,j=1
(1 + xiyj)V
′
−(y)V+(x), (A.15b)
V+(x)V−(y) =
∞∏
i,j=1
(1− xiyj)−1V−(y)V+(x), (A.15c)
V ′+(x)V
′
−(y) =
∞∏
i,j=1
(1− xiyj)−1V−(y)V+(x), (A.15d)
qL0V±(x)q−L0 = V±(q∓1x), (A.15e)
qL0V ′±(x)q
−L0 = V ′±(q
∓1x). (A.15f)
They are useful to calculate the partition functions of the topological string.
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